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Abstract. In this paper we prove a priori estimates for Donaldson equation 
over compact Hermitian manifolds. 
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1. Introduction 

1.1. Donaldson equation over compact Kahler manifolds. Let i^) be a 

compact Kahler manifold of the complex dimension n, and x another Kahler metric 
on X. In [3], Donaldson considered the following interesting equation 

(1.1) =«7", [77] = M, 

where c is a constant, depending only on the Kahler classes of [x] and [w], given by 



(1.2) 



He noted that a necessary condition for equation (11.11) is 
(1.3) ncx — w > 0, 

and then conjectured that the condition (jl.3p is also sufficient. For n — 2, Chen [1] 
observed that in this case the equation (jl.ip reduces to a complex Monge- Ampere 
equation completely solved by Yau on his celebrated work on Calabi's conjecture 

1 



2 



YI LI 



1.2. J-flow and Donaldon equation. To better understand the equation (II. ip . 
Donaldson [3 and Chen |T] independently discovered the J-flow whose critical point 
gives the equation (|1.1[) . and Chen showed that such flow always exists for all time. 
Using the J-flow, Chen [2 proved that if n = 2 and the holomorphic bisectional 
curvature of w is nonnegative then the J-flow converges to a critical metric. Later, 
the curvature assumption was removed by Weinkove [9 and hence gave an alterna- 
tive proof of Donaldon conjecture on Kahler surfaces. For higher dimensional case, 
Weinkove [TD] solved Donaldson conjecture on a slightly strong condition 

(1.4) ncx - {n - > 

using the J-flow. For a more detailed discussion, we refer to [6]. 

1.3. Donaldson equation over compact Hermitian manifolds. Recently, Tosatti 
and Weinkove 7, 8 solved the complex Monge- Ampere equation over compact Her- 
mitian manifolds. A parabolic proof was late given by Gill i4,- By their works, the 
author considers Donaldson equation over compact Hermitian manifolds. 

Let {X, uj) be a compact Hermitian manifold of the complex dimension n and x 
another Hermitian metric on X. We denote by 7^^ the set of all real- valued smooth 
functions (p on X such that := X + ^/—Iddip > 0. Locally we have 

(1.5) (jj = \/ —Igfjdz^ A dz\ x = V—^Xijdz'^ A dz^ . 

For any real positive (1, l)-form a :— \/—\afjdz^ A dz^ and real (1, l)-form /3 :— 
y/^fifjdz^ A dz^ we set 

(1.6) tr„/3 := a"'^ p,-. 
We consider the Donaldson equation 

(1-7) L.Axr'=e^-<. V'GH^ 

on X, where F is a given smooth function on X . 

The main result of this paper is the following a priori estimates. 

Theorem 1.1. Let {X,uj) he a compact Hermitian manifold of the complex di- 
mension n and x another Hermitian metric. Let if be a smooth solution of the 
Donaldson equation |_?. T] ). Assume that 

n ~ 1 

1.8 X -io>Q. 

ne^ 

Then 

(1) there exist uniform constant A> and C > 0, depending only on X,uJ,x, 
and F, such that 

(1.9) tr„x^<C-e^('^-'"f-'^); 

(2) there exists a uniform constant C > 0, depending only on X,uj,x> '^'^d F, 
such that 

(1.10) ||¥'llco<C; 

(3) there are uniform C°° a priori estimates on Lp depending only on X,uj,x, 



an 



d F. 



Remark 1.2. As remarked in |7j, to prove Theorem 11.11 it suffices to show the 
second order estimate on cp. 
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Remark 1.3. Here and henceforth, when we say a "uniform constant" it should 
be understood to be a constant that depends only on X, w, x, and F. We will often 
write C or C" for such a constant, where the value of C or C may differ from line 
to line. For the relation P < CQ for a uniform constant C in the above sense, we 
write it as P < Q. 

2. The second order estimates 

2.1. Basic facts and notions. Let {X,uj) be a complex Hermitian manifold of 
the complex dimension n and x another Hermitian metric on X. For a solution (p 
of Donaldson equation p.7p , we denote by 



(2.1) x' ■=X+ V^ddip = V^ixf, + ^^])dz' A dzl 
Also, we set :— Xil + ^ii- Then we observe that 

(2.2) tr^,.. ^ n "^^/^'^"'' = ne^ 

Consequently, tr^/w is uniformly bounded away from zero. Let A^^ denote the 
Laplacian operator of the Chern connection associated to the Hermitian metric w, 
and similarly for A^. Note that 

(2.3) tr^x' = g''{x^-3 + = t^u^X + A„(^. 

Remark 2.1. tr^^x' and iv^iuj are uniformly bounded from below away from zero. 
More precisely, 

(2.4) tr^x - tr^"^ = "-e . 



The second assertion follows from ()2.2p . while the first inequality is obtained as 
follows. We choose a normal coordinate system so that 

9tj=5tj, x'i] = KSt3 
for some A^, • • • , A^ > 0. Donaldson equation then yields 

n 

i—l '■ 

An elementary inequality shows that 

" 2 2 

tr^x — y. \ > — — — — p — —p- 

i=\ ^1=1 a; 

We will frequently use the following 

Lemma 2.2. (Gu-Li [5 ) At any point p e X there exists a holomorphic coordinates 
system centered at p such that, at p, 

(2-5) g,j = S^j, djQa ^ 

for all i and j . Furthermore, we can assume that x'fj is diagonal. 

Let A denote the Laplacian operator associated to the Hermitian metric /i^j 
whose inverse matrix is given by 



(2.6) := 



9m\ 
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and V the associated covariant derivatives. 

The basic idea to obtain the second order estimate, fohowing from the method 
of Yau III , is to consider the quantity 

(2.7) Q := log(tr^x') " 

for some suitable constant A. Our first step is to estimate the term Alog(tr^x')- 
Definition 2.3. For convenience, we say that a term E is of type I if 

(2.8) \E\^<1, 
and is of type II if 

(2.9) \E\^ < tr„x'. 

According to Remark 12. 1[ any uniform constant is of type I and any type I term 
is of type II. We wih use Ei and E2 to denote a type I and type II term, respectively. 

2.2. The estimate for Alog(tr^x'). Directly computation shows 



Atr^x' iVtr^x' 



/|2 

\h 



By the definition, we have 

Atr.x' = h^'^d.^djig'^'x'M) 

+ g''S'''^^^-,ga^ xL- . 
Using the local coordinates in Lemma YlTA we deduce that 

Atr^x' = 51 '^''^Ax'kk- J2 'T'''^^9ek-dix'ki 

l<i,j<n l<iM,i<n 

- ^''^rgik-9tX'ke+ ^"9^9pk-chgkp-x'kk 

l<i,A;,^<n l<.i,k,p<n 

(2.11) + E ^''^^ak.-djg.k-x'k-k^ E h%ckgkk-x'kk 

l<.i,k,q<.n l<.i,k<.n 

= J2 h'^dAx'kk-^-Rel E h%g^k■^^x'k-^ +Eu 

l<z,fc<n \l<ij.k<n J 



where 



^1 - E ^'^^gfk■^^gk-y^kk+ E '^''9,gkydigf^-x'k-k 

- E ^'"dAgkk-x'kk- 

l<i,k<n 
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Since under the above mentioned local coordinates x'ii — ^'i^iji it follows that 
/i" = (x'")^ — 1/Af ; hence /i" < e^^ using Remark [^H Therefore we see that Ei 
is of type II, i.e., 

(2.12) |SiU<tr„x'- 

The first term on the right hand side of (|2.1ip can be computed as follows: From 
Donaldson equation (jl.7p . we obtain 

and, after taking the derivative with respect to z^, 

ndiF ■ = -^^b^-idix',^ ■ + ^^d^g^. 
Differentiating above equation again with respect to yields 

ndkdiF ■ + ndiFdkF ■ = -x'^S"-^ g.^dudi^^^, ~ ddj^kgc, 

- X'^'x'^'du^^^ ■ d-,g,^ + x!'^udig,^ 

_ (-X'^^^x'^'^fex;, • ^"^gq - X''\"''d^x'p, ■ g^ + x'^^x"'^ d^g.^ d-,^^^. 
Multiplying above by g^^ on both sides implies 

(A^i^ + |VF|2 ) ne^ = - ^ [ir^ g^^'d^did^d-odq- x!"" g'^'dkdig,^ 

l<i,j,k,e<n 

l<i .j ,k ,i ,a ,b<.'n 1 ^ J i ^ i ^ i P 1 9 ^ ^ 

+ E h'h'"'g''d,Xp,-d,x'q- E xVg''d-,g,j-d,x:,. 



Using the local coordinates (|2.5p we arrive at 
(A^F+|VF|5)ne^ 

= - E /^^'^'^^SX:^ + E X"^9kdj,g^+ E '^'V^^^'^X^r ^SX^j 

i^^i^;^^ i<?,fc<n i^'^ji^;^^ 

+ E /^"X'^^^fcx^r ^SX^i - 2 • Re j E X"'x"'dkgq-d^x'fi 

l<i,j.k<.n \ Ji'^';^^ 

Equivalently, 

E h^dkd,x^ = E ^"X'"afcx;j5,x:j + E '^X^'dkX^jd.x',, 

l<z,fc<n l<'i,j,/c<n l^'iii^^^^ 



(2.13) = -2.Re E x'Vdkgq-d^x', 

\ l<i,j,/c<n 

+ E X'%afe5,^ - (A.^^ + |VF| 



2 \ _F 



l<i,k<n 
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Since 

9kdkX'u = dkd-k {x^-^ + ^^^) 

= dkd-^Xii + dkd-kipfi 

= dkdj,xu + dtdi(pf,f, 

= dkd-kXa + {x'uk ' Xkk) 

= ^Ax'kk + {dkdkXii - dtdiXkk) . 

we conclude that 

(2.14) '^9Ax'kk= E '^'^9kdkx'a+ E '^(^^9iXkk~^k^kXii). 

l<.i,k<.n l<i,A,'<n l<2,fc<n 

Combining ([2TT31) and (|2?T4| yields 

E ^^''^Ax'kk = E ^x''dkx'fi-dkX^ 

l<.i,k<.n ^^'i-J^k<.n 

(2.15) + YI ^X^'dkx'^dviii 

l<i,j./c<n 

- 2 • Re j Y X!''^'^dk9fl ■ dkx',^ J + ^^2 , 

where 

E2^ Y x"^dkd^9ii+ E h^{^^^iXkk-^k^kXii)-{^.F+\VF\l)ner 

l<i,k<n l<i,k<n 

By the same reason that x'" < and /i" < e^-'^, we observe that E2 is of type I 
and 

(2.16) \E2\u<l- 
From (f2lT|) and (|2?T5l) . we get 

Atr.x' = E '^^'x'-'^5fcX;,5sx:j + E '^X"'dkx'^dj,x',j 

- 2 . Re j Y X'^'x'^dkgfldkx^g 

- 2 . Re I ^ h^d.g^kd.x'kj ] + E, + 
= E ^^''x"'dkx',jd,x'^+ Y ^^''dk^iidkX'fi 

- 2 . Re j Y X^'x^'dkgfldkX^ 

-2. Re I Y f^"9,g^kd,x'kj] +E2, 
since any type I term is also of type II. 
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2.3. The estimate for Alog(trtjx'), continued: cj is Kahler. In the case that 
Lo is Kahler, we in addition have dkgij — for any fc in Lemma 12. 2| and we 
deduce form the above equation that 

(2.17) Atr.x'= E ^^''du^jidv<'i]+ E h^^'' d^^.^d-^^fi^ E^. 

It remains to control the term \VtT^x'\f^/ {tr^x^y . Notice that 
5. (tr.x') = 9. (/V.,) = g^'d.x'M = d.x'k-,- 

As in [7], we first give an inequality for |Vtrtjx'lh/trwX' f^^^d then we control the 
term Re(X;i<ij<„ h"x'" d^x'fjidiXfj - djXfi))- From 



E 



jj ^'^kk 



l<2,J,fc<?7 



l<j,k<m=l ""^ 



"'^ l<j\fc<n \i=l / \i=l 



1/2 / „ X 1/2 

"la |2 1 



1 



tra;X' 
1 

tfi^X' 



71 / n 



1/2- 



E E^^'i^x^ji 

i=i \i=l 



Ev^ E'^'V-i^.x;, 



1/2- 



< E /»*'x'^'^>.x; 

l<i.j<n 



i=l 
|2 



l<i.j<n 



From 



^^XfJ = 9^{xfj+^fj) = 
dix'jj = 9i{xfj+^fj) = 



di Xj] + dj iPi] = di xfj - dj Xij+ dj x ■ j , 
diXf,+d-jLPfi = diXfj - d-jXfi + d-jx'fv 



it follows that 

iru^x' 
(2.18) 



< 



l<'i J <n 



E ^V^^x:j%x;i+ E '^V^l^^x.j-a.x.ji 



2 Re 



E ^V^^x^jte-^x,^) 

l<i,_7 <n 



Note that 
(2.19) 



^j^q = 9j {Xij + ffj) = djXij + diffj = djXfj - diXfj + da'fj 
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Substituting (|2?T9l) into (|2?T8l) we obtain 



l<'i j'<n 



l<i,j <n 



(2.20) 



2 • Re 



l<'i.j <n 



l<'i,j<n 



E /^^'x'-s.x^ 

1< i.j <n 



5. 



Lemma 2.4. //oj is Kahler, then Alog(trijx') > — 1. 
Proof. Calculate, since — x'"'"' x'"'"' j 



2 • Re 



E ^V^5,x;j(9.X,j-5^X,?) 

1< i.j <n 



2. Re E ^4x^'d^x'fr^J^3h^{diXf,-d-,x,l) 
(2.21) < E f^'x'"d,x',jd,x',j+ E 4j(/i")'|a,X,j-%X,d 

< E ^''x'^^^5,x;,ajx',j+i?2 

l<z,j,fc<n 

= E ^"x'^^5,x;,9,x:5+i?2, 

l<z,j,fc<n 

where E2 is a term of type II: 

^2= E x;j(/^'^)^|ajx,j-a^x,^p. 

l<i,j'<n 

From (HHni), (PTTl) . (12201), and ([221]), we have 



Alog(tr^x') > 



tro^x' 



E /^^'x'^^5,x:ja,x;^+i^2 

l<z,j,A;<n 



- E h^x'^'d.x'.jdjx'fl 

l<i,j'<n 



(2.22) 



tr. 



'-z^ii: E ^'V^5^x:55,x;,+i?2) 



1 



> 



Jh_ 

tri^X'' 



1—1 l<J7^^fc<n 













'+^2 j 
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By the definition of type II terms, tliere exists a positive universal constant C 
satisfying \E2\uj < C ■ tr^^x'- Therefore 

Alog(tr„x') > -1- 

Thus we complete the proof of the lemma. □ 

Theorem 2.5. Let {X,uj) be a compact Kdhler manifold of the complex dimension 
n, and x 0, Hermitian metric. Let ip be a smooth solution of Donaldson equation 

where F is a smooth function on X . Assume that 

n-l 
X -rT^ > 0- 

Then there are uniform constants A > Q and C > 0, depending only on X,lu,Xj 
and F, such that 

tr^Xv < C.gA(^-infx 

Proof. The proof is similar to that in [71 [8] . By the definition, one has 

n 

fe=l 

Lemma 12.41 and (|2.7p imply that 

AQ = A[log{tT^x')- M > -C-A(tT^,Lj-Ax) 

n n 

> -C-aY,x'" + aY,x'"x'"xu- 

1=1 i=l 

Since is a solution of Donaldson equation, it follows that tr^'W = ne^ by (j2.7p 
and hence, for any given positive uniform constant B, 

n n 

AQ > {Bne^ -C)-{A + B)J2 x"" + ^ ^ x'^'x^'xa- 

i=l i=l 

By the assumption we have x > + ^)'^ ^^r some suitable number e such that 

< e < ^jzj. Let p d X he a. point where Q achieves its maximum; so AQ < 0. At 
this point, we conclude that 

n n 

> {Bne^^C)-{A + B)Y,x"^ + AY,x'"x"x^J 

n ^ n 

> (Bne^ ~-C)-{A + B)Y^ x'" + (1 + ^) E ^'''x"'- 

We denote by A'^ the eigenvalues of x' at point p such that < • • • < AJ^. Hence 

ri "1 

1=1 * i=l * 

In order to obtain the upper bound for A^ we need the following 
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Lemma 2.6. Let Ai, • • • , A„ be a sequence of positive numbers. Suppose 

i=l ' i=l ' 

for some a, /3 > and n > 2. If 

4 4 
(2.23) - < ^ < 



n (3 n — 1 
holds, then 

2/3 



(2-24) A. < - 

a — \Jna'^ ~ 4p 

/or eac/i i. 

Proo/. Note that a - ^na^ - 4/3 > by (g^l)- Since 
it implies that 



1+E 



E 



^\2y^ \ - 4/3 
The right hand side of the above inequality is nonnegative by p.23p . Consequently, 



y/P ^ jna^ - 4/3 



2V? A, - y 4/3 
and then 

a - ^na^ - 4/3 

Hence we obtain (|2.24l) . □ 



To apply Lemma 12.61 we assume 
(2.25) Bne^ > C, 

and set 

(2 26) a-^±^ s-^^t^ 

^ ^ ^> ^ BneP-C Bne^^C ' 

In the following we will find the explicit formulas for A and B in terms of C such 
that the assumption (|2.25p and the condition (I2.23P are both satisfied. 
We choose a real number rj satisfying 

(2.27) < 77 < 1. 

Set 

a2 4 



(2.28) — - 

p n — rj 

where a and /3 are given in (|2.26l) . If (|2.28p was valid, then the condition (|2.23p is 
true. Equations (|2?26l) and ([Z!28l) imply 

[A + Bf - ^(1 + 6) {Bne^ ~ C) 

n — rj ne^ 
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SO that 



+ 2 1 - 

n — 7/ 

The above relation can be rewritten as 



2(l + e)(n- 1) 



A 



^ 2{l + e){n-ir 
n-rj 





2 







1 - 



2(l + e)(n-l) 



Taking 
(2.29) 

we have A > B and 

4(l+e)(n-l)C 



A= -I 



n — rj 
_ 4(l + e)(n-l)C 
(n — ri)ne^ 

2{l + e){n-iy 



- 1 



A. 



n — rj 



B 



(2.30) B 

if we assume that 
(2.31) 



2(l + e)(«-l) 

71 — 7} 



1 - 



2(l + e)(n-l) 



- 1 



C -(n-7?) + 2(l + e)(n- 1) 
ne^ ' -{n - ry) + (1 + e){n - 1) ' 



(l + ^)> 



n — rj 



n — 1 

From (P^O)) and (jOTj) we see that 

Bne^ _ -{n - rj) + 2(1 + e)(n - 1) 
C 



> 1. 



-{n - 77) + (1 + e)(n - 1) 

From the assumption < e < we have < n — (n — l)(l + e) < 1 and then 
such a rj always exists. Hence Lemma 12.61 vields 

A^< 

a ~ \/ na^ — A/3 

where a and /3 are determined by (IZ^M)) . ^0^ . and (|230)) . Since tr^x' = J27=i 
it follows that, at p £ X, tr^^x' ^ for some uniform constant C and, for any point 

Q{q) < Q{P) = log(tr^x')(p) - A^ip) <C-A- inf </p. 



Equivalently, log(trijx') < C* + ^(v' ^ infx f)- 



□ 



2.4. The estimate for Alog(tr^x')! continued: general case. Now we consider 
the general case that both u and x may not be Kahler. Using Lemma [^T^ we have 



Atr<,x' 
(2.32) 



2 . Re E X'"x'^^9fc5,l5fex:j 

\ l<2,_;,A:<n 

2 . Rc j J2 h'^chgf^d.x'k^ 
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As in we deal with the last two terms by using the local coordinates in Lemma 
Starting from the last term, we calculate 



l<i,j,fc<n 

(2.33) - h'^9igfk{^^XkJ+^kx'f,-^kX^, 

1< t,j,A;<n 
n 

= E E h^d.g^kdkx'.^+E^, 

i=l l<j=ik<n 

where Ei is a term of type I and is given by 
(2.34) 



Ei^ E ^"^ffjfc (^'XfcJ - dkXrj) 

l<i.j,k<n 



Taking the real part of p.33p gives 



(2.35) 



2 • Re I J2 ^9,^ki^9,k 

l<'i,j,/c<n 



2-I^ME E ^hii^x'"dkx\r^h^Jx'f,di9fk 



i=l l<j^k<n 



El 



< E E h^x'"dkX:jdkx',, + Y. E h^x',jd,g^kd.gk^ + Ei 

n 

< E E ^^"dk^^^dk^fi + E,, 

i=l l<j=ik<n 

since J2i<j^k<n ^''''x'fjdigjkdtgkj is of type II. Similarly we have 



(2.36) 



2 . Re I X'"x'^^9fcx;,5fcg, 

l<'i,j,fc<n 



2 -Re I ^Vx'%x;i 

l<i,j,A:<n 



l<2,j,A;<n 



l<z,j,fc<n 



where 
(2.37) 



El ^2 Y ^^9kg,jd^gfi 



is a term of type 1. 
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From ([232| . (fOSj) . and (|2?36l) . we conclude that 



(2.38) 



n 



i^l l<j^k<n 



l<i,j/,fc<n l<i,j<n 

It remains to control the term iVtr^jx'lh/ltrtjX')^- in (|2.20p one has 
IVtr^x'" 



tr^^X 



7^ < E h^^''d^^9jx',. 



(2.39) 



l<z,j<n 

+ 2 • Re 



Lemma 2.7. One has Alog(trt^x') ^ ~1- 
Proof. As in the proof of Lemma 12.41 we have 



(2.40) 



2 Re 



l<i j'<n 



2 • Re 



l<2,j<n 



< 2 E /^^^x'^^a.x^j^X^j + 2 E X'.jm" \^Xn - djxfil" 

< ^ E /^''x'^^5,x;,a,xLj+i?2 = ^ E /*"x*afex;,a,x:j+i?2, 

l<2,j,/c<n l<i.,j,k<.n 

where is a term of type II and given by 

^2 = 2 E x',jih^r\9lXn-djXfi\'- 

l<i j'<n 

Combining I^AOl) with (|2l0l) . (|238l) . and ([2391) . we arrive at 



Alog(tr^x') > 



1 



tra;X' 



J E /^"x'^%x;,5,x:j+ E ^"x'^^s^x^js^x;. 



l<2,j,/i;<n 



l<'i,j<n 



tr^^X' ' 



- E ^"x'^^^jx^j^x;^-^ E /^"x'^^5,x;Ax:j+i?2 

By the definition of type II terms, there exists a positive uniform constant C sat- 
isfying \E2\u1 < C ■ tri^x'- Therefore 

Alog(tr^x') > -C. 

This complete the proof. □ 
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By using the similar method as in the proof of Theorem 12.51 '^6 have 

Theorem 2.8. Let {X,uj) be a compact Hermitian manifold of the complex dimen- 
sion n, and x another Hermitian metric. Let tp be a smooth solution of Donaldson 
equation 

where F is a smooth function on X . Assume that 



Then there are uniform constants yl > and C > 0, depending only on X,uj,X7 
and F , such that 
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